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Abstract

In these notes, we give a self-contained introduction to the Wiener-It6 chaos decom-
position theorem, which is among the most fundamental tools in stochastic analysis. In
its classical form, the theorem asserts that the Hilbert space of square integrable func-
tionals on the Wiener space (the path space W equipped with the law p of Brownian
motion) admits a decomposition into orthogonal components:

L2(W7 :u) = @ Hna
n=0

where each component H,, is generated by the so-called Hermite polynomial functionals
of degree n. In addition, as discovered by K. It6 in his renowned paper [1|, H,, coincides
with the space of multiple Wiener integrals of order n.

We adopt an elementary approach to construct the classical Hermite polynomials
by using Gram-Schmidt orthogonalisation. This also yields the decomposition theorem
in the case of the one dimensional Gaussian measure. Our approach to the general
case follows the main line of D. Nualart [4] by extracting the essential structure of the
Wiener space and working in the framework of Gaussian probability spaces.
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1 Motivation

We know from the classical theory of Fourier series that the Hilbert space L*([—7, ], dz) (dx
is the Lebesgue measure) has an orthonormal basis (ONB) given by the functions {\/Lﬂe’m :

n e Z}. As a result, every f € L*([—7, 7], dz) admits an expansion

=X 5" (1)

which converges in the sense of L?. Another way of looking at this property is to realise

that the function e is a 2m-periodic eigenfunction of the Laplace operator A = L with

eigenvalue —n? :

dx
d2
dx?

As a result, when viewing A as a differential operator

nT _ _n2emac.

A:C; ([-m, 7)) C L*([~7, 7], dz) — L*([~7, 7], dz)

(C3_([—m,m]) is the space of twice continuously differentiable functions with period 27), the
space L?([—m, 7], dr) admits an orthogonal decomposition into eigenspaces of A :

L*([-m,7],dz) = @D E_e, (1.2)

n=0

where F_,2 = Span{e™ e~} is the eigenspace associated with the eigenvalue —n?. This

is often known as the L?-spectral decomposition theorem for the Laplace operator (on the
circle).

To see where the circle comes from, the main observation is that periodic functions on R
can be equivalently viewed as functions defined on the circle. As a result, the Laplacian is
equivalently viewed as the Laplacian on the circle. The compactness of the circle is critical
to expect the decomposition (1.2), which can further be generalised to the Laplace operator
on any compact Riemannian manifolds. The situation becomes drastically different if we
remove compactness, for instance if we move to the space L*(R!,dz). In this case, there



are no integrable eigenfunctions of A. Moreover, smooth eigenfunctions are parametrised
continuously: €"® is an eigenfunction for each ¢t € R. This also accounts for the replacement
of Fourier series theory by Fourier transform theory in order to expect a proper inversion
theorem.

On the other hand, if we replace the Lebesgue measure dx by the Gaussian measure

2
€$/2,

1

dz) =
y(dr) = —=
many nice things will occur. Firstly, we do have an L?-decomposition theorem

L*(R', ) = @D Ha, (1.3)

where the H,,’s are one dimensional subspaces generated by the so-called Hermite polynomi-
als. Moreover, (1.3) can indeed be viewed as the spectral decomposition of some differential
operator. To describe this, we take a second look at the Lebesgue measure case. The relation
between A and dz is revealed through the introduction of a Brownian motion: the Laplacian
is the generator of Brownian motion, and dx is the invariant measure of Brownian motion

in the sense that
| P = [ o
R R

for a rich class of test functions f. In a similar way, it is reasonable to expect that in the
decomposition (1.3), the #,’s are the eigenspaces of the generator of a Markov process whose
invariant measure is the Gaussian measure ~. Indeed, such a Markov process is the so-called
Ornstein- Uhlenbeck process defined by the SDE

dX, = —X, + V2dB,,

which can be solved explicitly as X; = V2 fot e~(=3)dB,. The generator of X, is the differ-
ential operator given by

B d? d

T Cda
and the Gaussian measure + is the invariant measure of X;. It turns out that (1.3) is indeed
a decomposition of L?(R',~) into orthogonal eigenspaces of £ (cf. Section 2.5 below).

Unlike the Lebesgue measure which is sensitive to dimension, an important feature of

the Gaussian measure is that many of its analytic properties (isoperimetric inequalities, con-
centration property, log-Sobolev inequalities etc.) are dimension free and extends naturally
to infinite dimensions (e.g. on the path space equipped with the law of Brownian motion).
In particular, the aforementioned decomposition theorem and the related spectral interpre-
tation have natural extensions to general Gaussian probability spaces. In addition, in the
case of Brownian motion, the homogeneous component H,, has an elegant connection with
multiple Wiener integrals, which was discovered by K. It6 in his renowned paper [1]. This
general decomposition theorem, known as the Wiener-Ité chaos decomposition,, plays a fun-
damental role in modern stochastic analysis. It has several important applications such as in



the differential calculus on Wiener space and Stein’s method for Gaussian approximations.
We refer the reader to [3, 4] for a discussion on these applications.

The aim of these notes is to give a self-contained introduction to the Wiener-It6 chaos
decomposition theorem and its connection with multiple Wiener integrals. In Section 2,
we construct the Hermite polynomials from the elementary viewpoint of orthogonalisation
and establish the decomposition theorem in R!. In Section 3, we discuss the Cameron-
Martin structure of the Wiener space that is critical for generalising the theorem to the
Brownian motion case. This leads us to the general framework of Gaussian probability spaces.
In Section 4, we establish the decomposition theorem on arbitrary irreducible Gaussian
probability spaces which applies to general continuous Gaussian processes. In Section 5, we
discuss its connection with multiple Wiener integrals.

2 The one dimensional case and Hermite polynomials

As a toy model, we first look at the one dimensional case. Nonetheless, this part contains
most of the essential ideas and structures for the more abstract development.
Let v be the standard Gaussian measure on R!, namely

1

2T

y(dz) = e .

We often use

1
w(r) & e/

V2r

to denote the Gaussian density. The inner product over L*(R!,~) is denoted as

(f,9) = . f(x)g(z)y(dx),

and the L%mnorm is simply denoted as || - ||. Our aim in this section is to understand the
structure of L?(R',~) by decomposing it into certain orthogonal subspaces. Essentially the
same kind of decomposition will be obtained on the Wiener space.

2.1 Construction of an orthonormal basis of L*(R!,~)

It is an important observation that all polynomials are square integrable with respect to ~,
due to the rapid decay of the kernel w(z). This leads to a natural way of constructing an
orthonormal basis (ONB) of L?(R',~). Indeed, we can apply the Gram-Schmidt orthogo-
nalisation procedure to the linearly independent family

{1,x,x2,x3, T }
of functions to obtain an orthonormal system

{Ho(x), Hi(x), Ha(), - },



both of which generate the space of polynomials. Since polynomials are rich enough to
approximate continuous functions, it is not surprising that this system has to be complete
so that it becomes an ONB.

To be more precise, we recall from linear algebra that the Gram-Schmidt orthogonalisa-
tion procedure starts with Hy(x) £ 1 and inductively we have

—_

Ho(z) £ oy - (2" =) (2", Hy(2))Hy(x)), n>1, (2.1)

3

il

where «,, > 0 is a normalising constant so that || H,| = 1. As a general property of orthog-
onalisation, we know that

Span{Hy(z), H,(z),--- , H,(x)} = Span{1,z,--- ,2"} = P, (2.2)

for each n > 0, where P,, denotes the space of polynomials of degree n. As a result, we only
need the following lemma to conclude that {Hy, Hy, Ha,- - -} is an ONB of L?(R!, fy)

Lemma 2.1. The space P of polynomials is dense in L*(R!, 7).

Proof. Let f € L*(R',~) be an element that is orthogonal to all polynomials. We claim that
f( )e' y(dr) =0 Vte€R. (2.3)

If this is true, the Fourier transform of the signed measure

/f y(dz), A€ B[R

is identically zero, which then implies that v = 0. As a result, f = 0 ~v-a.s.
To show the claim (2.3), we argue in a slightly more general way. Let ¢ € C be fixed.
For each n, define
"L Rk

k'

k=0

co ! ICI
[ — Sn()]| < Z ¥ = Z IEQ’“ (dz).
k=n+1 ) k=n+1 )

A use of the 2k-moment formula for the Gaussian measure 7 reveals that the order of the

general term in the above series is ﬁ As a result, we know that

Su() £

Then

Sp(x) — e in L*(R',~)

as n — o0o. Since f L P, we conclude that f L e (for any ¢ € C). In particular, the claim
(2.3) holds. O



Remark 2.1. Tt is almost never an issue when one extends the consideration to complex-
valued functions, as one can always consider the real and imaginary parts separately. An
alternative argument without using Fourier transform of signed measures is the following.
By using the Stone-Weierstrass theorem, the claim (2.3) implies f L ¢ for any continuous
periodic function . This further implies that f L ¢ for any bounded continuous function
(by choosing a periodic function ¢ that equals ¢ on an arbitrarily large interval [—M, M]).
A standard measure-theoretic argument then shows that the latter property is sufficient to
conclude f =0 v-a.s.

Theorem 2.1. The family {Hy, Hy, Ha,- -} is an ONB of L*(R!, ).

Proof. We already know that the family is orthonormal and generates the space of polyno-
mials. According to Lemma 2.1, we know that the family is also complete. O

Remark 2.2. The reason we use the notation H,, is to save the more common notation H,,
for the standard Hermite polynomials.

2.2 Rodrigues’ formula for H,

Our next effort is to figure out the shape of each H,,. This is essential for deeper considerations
as well as generalisations to the Wiener space / more general Gaussian probability spaces.

In the first place, it is clear from the equation (2.1) that H, is a polynomial of degree n
with leading monomial a,z". In addition, H, is orthogonal to P,_; since P,_; is spanned
by Hy,--- , H,_;. Before proceeding further, we make two useful observations whose proofs
are straight forward.

Fact 1. For any n > 1, we have

d

w(z)™- %(

2" w(z)) = —2" + (), Py € Paoa, (2.4)

where we recall that w(x) £ \/%e_mg/ 2 is the Gaussian density and P_; £ {0}.

Fact 2. For any n > 0 and any polynomial ¢ € P, we have

[ B@aenin) = = [ B0 w6 7 o) o),

More concisely, B B
(Hy,,q) = —(Hp,w™ - (qu)’) Vg eP. (2.5)
This is a direct consequence of integration by parts.

The above simple facts allow us to compute the leading coefficient a,, of H, easily.

Lemma 2.2. For each n > 1, we have

_ Olp—1 =
qH =", .
Qo
By using the above relation recursively, we have o, = \/%? In particular, H' = \/nH,_,.



Proof. Since H,, € P,_1, we can write

n—1

k=0

By orthogonality, the coefficients ¢, are given by
cr = (H, Hy) = —(H,,w™ - (Hpw)), 0<k<n—1,

where the second identity follows from (2.5) with ¢ = Hj,. For k < n—2, from (2.4) we know
that w™! - (Hyw)' is a polynomial of degree k +1 < n — 1. As a result, ¢; = 0 for such k’s.
For k = n — 1, again from (2.4) we see that ¢, 1 = a,,_1(H,,2z"). On the other hand, if we
take the inner product with H,, on both sides of (2.1), we have a,,(H,,z") = 1. Therefore,
cn—1 = “2=L. The first assertion thus follows.

For the second assertion, by further differentiation and using the first part recursively,
we have

— Op—1 Qp_2 O Qg = 1 _
H7(Zn): n-1 “n-2 “p-3 —OHO— (HO:]_)
Oy, Op—1 Qp_2 aq Qp,
Since the leading term of H, is a,2", we also know that a = = nlay,. Therefore,
1 | N 1
— =nla oy = ——.
Oy, " " V n‘
The final assertion of the lemma requires no comment. n

In order to derive an explicit formula for the function H,, we need to look deeper into
the relation between H,,_; and H,. From (2.4) we know that w™'- (H,_jw)’ € P,, and thus
we can write

wt - (Hypw) chHk,
where B B -
Cp = (uf1 (Hp,_yw)',Hyy = —(H,,H, 1), 0<k<n.

It is clear that ¢, = 0 when k£ < n — 1. In addition, from Lemma 2.2 we have

Cn = _<Hn,Hn—1> = _\/E<Hn—17 Hn—1> = _\/ﬁ'

Consequently, B )
wt - (wH,_1) = —/nH,. (2.6)

This relation leads us to the following so-called Rodrigues’ formula for H,,.

Theorem 2.2. For each n > 0, we have

[ _ (_1)71 x2/2 d" —z2/2



Proof. By using the relation (2.6) recursively, we have

_ 1 d _ 1 2 d , 2=
H,(z) = 7 cw(z)7h %(w(x)f-[n_l) = 7 LT /2. %(e /QHn_l)
1 2 d 2 1 29 d 279 =
2 D 2 L (2, L))
NLD dx vn—1 dx "

I G VYo d_2(6—w2/2g )

- Vnn—1) dx? i

_ (_1)2 x2/2 d_2 —z2/2 . 1 x2/2£ —x2/2 77

B n(n — 1)6 dx? <6 ( Vvn — 2e dx (e Hn_?’)))

(_1)3 x? a? —x2/2 17 (_1)71 x? d" —x?
This gives the desired formula. m

2.3 The generating function and basic properties of H,

Rodrigues’ formula implicitly suggests that the [,’s may arise as the coefficients of the
Taylor expansion of certain function (a generating function). To elaborate this idea, let us

define
2
F(z,t) 22 (2,t) € R%.
By writing
F(SL’,t) — 6:1:2/27(337t)2/2

and using Rodrigues’ formula, we see that

O F(z,1)

G = (—1)”e$2/2d—(e’x2/2) — VnlH, ().

dx™

t=0

A standard application of Taylor’s expansion gives the following useful fact.

Proposition 2.1. F(xz,t) is the generating function of the H,’s in the sense that

Fon =32

il t". (2.7)

In other words, H,(x)/v/n! is the n-th coefficient in the Taylor expansion of F(z,t) with
respect to t.

Using the viewpoint of generating function, we can easily summarise the essential prop-
erties of H,,.

Proposition 2.2. The functions {H, : n > 0} satisfy the following three relations:

(i) Hy(—x) = (=1)"H,(x), namely H, is an odd function if n is odd and it is an even
function if n is even;

(”) Hr/z = \/ﬁHn—l;

(iii) /nH,(z) = 2 H,_1(z) — vV/n — 1H, ().

8



Proof. (i) This follows from the observation that
F(—z,t) = F(x,—t)
and the expansion 2.7.

(ii) This is a restatement of Lemma 2.2 but let us derive it by using the generating function.
Observe that F'(x,t) satisfies the following PDE:

OF (x,t)

As a result, we have
oo tn+1

2 e = L

The relation follows by comparing the coefficients of " on both sides.

H,(z).

(iii) This relation can be obtained in a similar way as in (ii) by observing that F'(z,t) satisfies

another PDE:
OF(x,t)

T (x —t)F(x,1).

2.4 Hermite polynomials

In probability theory, we often work with the normalisation
Vnl

Definition 2.1. The polynomial H,, is called the n-th Hermite polynomial over R!.

H,(r) = n = 0.

We summarise the essential properties of H, in the following result. They are direct
translations of what we have obtained previously.

(i) Rodrigues’ formula:

_1)71 T d" —x
Hy,(z) = ( - /2 (e 72);

(ii) Parity:
Hp(—2) = (—=1)"Hn(2);

(iii) Ist recursive relation:

(iv) 2nd recursive relation:
(n+1)Hyi1(x) = xHy(x) — Hpoq (). (2.9)
Remark 2.3. The first few Hermite polynomials are given by
2 1 3 _ 3
Ho(x) =1, Hi(z) =z, Ho(x) = ’ 5 Hj(x) = i 5 T ete.



The following generalised orthogonality property is useful when extending the discussion
to general Gaussian probability spaces.

Lemma 2.3. Let (X,Y) be a jointly Gaussian random vector such that

Then
%]E[XY]”, m=n,

0, otherwise.

Proof. The joint moment generating function of (X,Y’) is given by

102142
E[63X+tY] _ 62(8 +t +23tIE[XY])‘

Equivalently, we have

oSEXY] _ ]E[esX*%SQ . etY*%tQ} =E[F(X,s)F(Y,t)]

The result follows by expanding the left hand side into an (s,?)-series and comparing the
coefficients of s™t" on both sides. m

Theorem 2.1 can be restated in the following form. Its extension to general Gaussian
probability spaces (including Brownian motion as a basic example) is the goal of later sec-
tions.

Theorem 2.3. The Hilbert space L*(R',~) admits the following decomposition:

L2(R177) = @Hna (210)
n=0
where H,, = Span{H,,(z)} and H,, L H, for all m # n.

2.5 The spectral perspective

Let us examine Theorem (2.3) from the viewpoint of spectral decomposition. We want to
identify a differential operator £ such that the H,’s in the decomposition (2.10) are the
eigenspaces of £. As mentioned in the introduction, an essential point is that the Gaussian
measure 7 should be the invariant measure of a Markov process X; whose generator is £, in
the sense that

/R P (x)y(dr) = / f(@)y(de) VS (2.11)
10



where P; is the transition semigroup of X; generated by L. In particular,

[ £tnan =o vy
R
To derive the shape of £, A natural idea is to look for £ as a perturbation of the Laplacian

by a first order differential operator. Namely,

d? d

L=z dx? + b )dx’

with some function b(x) to be determined. By the definition of the generator, we have

[ £rantin) = [ (#@ +da) s @) v

Assuming all functions have at most polynomial growth at infinity, a simple integration by
parts shows that

[+ bans@ntan <o vy.
As a result, we have b(z) = —z and thus

d? d

42 Vdr
From the perspective of stochastic calculus, the associated Markov process with generator
L is given by the SDE:

dX, = —X,dt +V2dB;, Xy~ N(0,1). (2.12)

By solving it explicitly, one finds that

t
X, =e'Xo+ V2 / e~ =) 4B,
0

In particular, X; is a stationary Gaussian process and it is known as the Ornstein-Uhlenbeck
process. Explicit calculation shows that the invariant measure of X; is the Gaussian measure
7 in the sense of (2.11).

On the other hand, from the recursive relations (2.8) and (2.9), it is plain to check that

H(x) —zH](x) = —nH,(x).

In particular, H,, is the eigenspace of £ associated with the eigenvalue —n (n > 0). Moreover,
when viewed as an unbounded linear operator

L:CiRY) € LX(R',y) —» LA(R', ),

it can be shown that {—n : n > 0} are the only possible eigenvalues of L. As a conse-
quence, Theorem 2.3 provides an L?-spectral decomposition of the differential operator £
into orthogonal eigenspaces.

11



3 Gaussian probability spaces

As we have mentioned, an important feature of Gaussian measures is that many of their
properties are dimension free and extends to infinite dimensions naturally. The most canon-
ical example is the Wiener measure (the law of Brownian motion) on the so-called Wiener
space. Our next goal is to generalise Theorem 2.1 to the Wiener space. However, there
are several specific structures on the Wiener space that are irrelevant to the development.
Restricting ourselves to the special setting of Brownian motion will conceal the essence of
the theorem. Therefore, we first spend some time extracting the essential structure of the
Wiener space on which the theorem is based.

3.1 The Wiener space and its Cameron-Martin subspace

Let W be the space of continuous functions w : [0,1] — R! with wy = 0. W is a Banach
space under the supremum norm. We equip W with the Borel o-algebra B(X) (the o-algebra
generated by open subsets of W). Let pu be probability measure on B(X) defined by the law
of Brownian motion over [0, 1]. The probability space (W, B(W), 1) is known as the Wiener
space over [0,1], and the probability measure p is called the Wiener measure.

The classical Wiener-1t6 decomposition theorem asserts that the Hilbert space L*(W, )
admits the following orthogonal decomposition

L*W, 1) = P Ha, (3.1)

where each H,, is a closed subspace generated by certain Hermite polynomial functionals on
W of degree n. The essential ingredient governing this decomposition is an intrinsic Hilbert
structure embedded the Wiener space W, known as the Cameron-Martin subspace, which
we now describe.

Observe that the canonical process

W (w) 2 w,, weWw

is a standard Brownian motion over [0, 1] under x. We define H; be the closure (in L*(W, i)
of the linear subspace spanned by {W, : 0 < ¢ < 1}. Since Gaussian distributions are closed
weak convergence, it is clear that all elements in H; are Gaussian random variables on
(W, B(W), i1). The subspace H; will be the n = 1 component in the decomposition (3.1).
Given an element Z € H;, we can construct an associated path by

he £ EF[ZW,], 0<t< 1. (3.2)
It is easy to see that h € WW. Let H be the space of paths h € VW that arise in this way.

Definition 3.1. We define an inner product structure on H by
<h17 h2>H é EN[ZIZﬂ’

where h; is associated with Z; (i = 1,2). The Hilbert space (H, (hi, ho)y) is known as the
Cameron-Martin subspace of the Wiener space W.

12



Remark 3.1. There are two technical points to check: the inner product is well defined, and
H is indeed a Hilbert space under this inner product. It can also be seen that H is separable.
We leave these tedious details as an exercise.

From the definition of H, we know that (H, (-,-)x) and (H1, (-, ) L2(w,)) are isometrically

isomorphic. The following result describes the explicit shape of H. We use h to denote the
time derivative of a function h : [0,1] — R

Theorem 3.1. The Cameron-Martin subspace is equivalently given by
H ={h eW : his absolutely continuous and h € L*([0,1],dt)}, (3.3)

where the inner product structure is
1
(hi,hoyy = / hq(t)ho(t)dt. (3.4)
0

Proof. Let H be the Hilbert space defined by the right hand side of (3.3) whose inner product
(-,-); is defined by the right hand side of (3.4). To put the definition in another way, every
element h € H is given by

t
hy = / psds, 0<t<1, (3.5)
0

where ¢ € L*([0,1],dt). Correspondingly, the inner product (-, )5 is induced from the one
on L?([0,1],dt). We wish to show that

H = ﬁv <7>H = <>>I§I

The main idea is to verify this on a suitable dense subspace.
Let H' be the subspace of H consisting of those h’s defined by (3.2) with

7Z € H, & Span{W, : 0 <u <1} CH,.

It is clear that H is the closure of H'. In parallel, let H' be the subspace of H' consisting of
those h’s defined by (3.5) with

p e E£ Spaﬂ{l[o,u] tu € [07 1]} - LZ([()? 1]7dt)

We also observe that H is the closure of H'. As a result, it is sufficient to show that H' = H'
and the two inner products are identical on H’. But this is immediate since the two spaces
! and E are in one-to-one correspondence through

W, +— 1[07u], u e [0, 1].
The random variable Z £ W, gives rise to
ht:E[ZWt]:t/\u, Oétél,

while the L2-function ¢ £ 10, gives rise to the same path
t
hy = / loy(s)ds =t Au, 0<t<1
0

13



The two inner products are identical since
EW7] = u = 110,01 2(0.1].a1)-
m

Remark 3.2. Many authors directly define the Cameron-Martin subspace by (3.3). We take
a different viewpoint which is more robust and applies to arbitrary continuous Gaussian
processes.

Remark 3.3. The Cameron-Martin subspace plays a fundamental role in the analysis of
Brownian motion and Wiener functionals such as solutions to SDEs. Its significance lies
in the renowned Cameron-Martin transformation theorem, which asserts that the Wiener
measure is quasi-invariance along directions in H (namely, the measure p" induced by the
translation w +— w + h along any given direction h € H is absolutely continuous with
respect to u), while it is singular along directions in H¢ (namely, u" and p are singular to
each other for any h € H€¢). This transformation theorem suggests that a proper notion
of differential calculus on the Wiener space needs to respect the Cameron-Martin structure
H (i.e. only differentiation along H-directions is meaningful under the Wiener measure ).
The development of such a theory as well as its applications is one of the main themes in
stochastic analysis (the Malliavin calculus).

A natural question is, given an absolutely continuous path h : [0,1] — R! with h e
LA([0, 1], dt), what is the corresponding Z € H; that satisfies (3.2)? To answer this question,
we first introduce the notion of Wiener integrals. For any indicator function ¢ = 1, €
L3([0,1], dt), we set

1
0

By linear extension, this defines a mapping Z from the subspace of step functions (linear
combinations of the 1, ,’s) into L*(W, pt). This mapping is an isometry in the sense that

(Z(0), Z(V)) 2w,y = (@ V) 2(0,1),ar) ¥ step functions ¢, 1), (3.6)

which can be checked by plain calculation. As a result, Z extends to an isometric embedding
T : L*([0,1],dt) — L*OWV, p).

From the definition of H;, we further see that the image of Z is precisely H;. In other words,
7 defines an isometric isomorphism between L2([0, 1], dt) and H;. As a result,

Z() ~ N (0. llell o) Voo € L*([0,1], dt).

In fact, more than this is true: the family

{Z(¢) - ¢ € L*([0,1], dt)}

is a Gaussian system with mean zero and covariance structure given by (3.6).

14



Definition 3.2. For any ¢ € L*([0,1],dt), the random variable Z(¢) on (W, B(W), i) is
known as the Wiener integral of p. Symbolically we write

L 1
I(p) = / p¢dW; or more canonically Z(¢)(w) = / prdw, w € W.
0 0

Remark 3.4. Wiener integrals are special cases of [t6’s stochastic integrals in stochastic
calculus.

Using the notion of Wiener integrals, a direct corollary of Theorem 3.1 is the following.

Proposition 3.1. For any h € H, the corresponding Gaussian random variable Z € Hy in

the relation (3.2) is given by Z = Z(h).

Proof. Essentially we need to check that

hy =E[Z(h)W;] VYh € H and t € [0, 1].
Given fixed t, the Cameron-Martin path h! € H associated with Z £ W, is
ht=sAt, 0<s <.

s

In addition, the Wiener integral of At is exactly W;. According to isometry property (3.6),
for any h € H we have

E[I(h)VVt] - E[I(h)I(ht)] - <h, }.Lt>L2([071]’dt) - <h, 1[0,t]>L2([0,1},dt) - ht~
The desired relation then follows. O
The relations among the three isometrically isomorphic Hilbert spaces

LQ([Oa 1]7 dt)? H7 Hl

are summarised in the following diagram.

L (Conl, o£t)

h—TH)
H<ZZmn — =z >t

15



The essential structure from the Wiener space

By abuse of notation, we write
1
W :H —H,, W(h)2Z(h) :/ hdW,
0

to denote the mapping at the bottom line of the previous diagram.
To summarise the essential structure obtained so far, we have a mean zero Gaussian
family
{W(h):heH}
indexed by a separable Hilbert space H, whose covariance structure is given by
E[W (h1)W (ha)] = (h1, ha)ur.

As we will see, this is the only structure needed for establishing the aforementioned decom-
position theorem (3.1).

3.2 Irreducible Gaussian probability spaces

Having the previous essential structure in mind, we now introduce the following definition
(cf. Malliavin [2]). Let H be a separable Hilbert space that is given and fixed.

Definition 3.3. An irreducible Gaussian probability space is a probability space (2, F,P)
on which is defined a Gaussian family {WW(h) : h € H} such that

(i) F=0o(W(h):he H),
(ii) For any hy, hy € H, we have

EW (hi))W (ha)] = (h1, ho) 1. (3.7)
The family {W(h) : h € H} is called an isonormal Gaussian family with respect to H.

The Wiener space is a special example of an irreducible Gaussian probability space. More
generally, given any Gaussian process {X; : 0 < ¢ < 1} with continuous sample paths, there
is an associated irreducible Gaussian space in which the underlying Hilbert space is the
corresponding Cameron-Martin subspace. The construction, in particular of this Cameron-
Martin subspace (cf. 3.1), follows the same line as in the Brownian motion case.

The following property is parallel to the case of the Wiener space. Let (Q, F,P; {W(h) :
h € H}) be an irreducible Gaussian probability space.

Lemma 3.1. The mapping
W:H— L*Q,F,P), h— W(h) (3.8)

15 an linear isometric embedding.
Proof. The only thing that needs to be checked is linearity:

W (chy + hg) = cW(hy) + W(hy), Vhi,hy € H and ¢ € R. (3.9)
To this end, by using the relation (3.7) we easily find

E[(W (chy + hy) — W (hy) — W (hy))?] = 0.

Therefore, the equation (3.9) holds in L*(Q2, F,P). O
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4 The Wiener-It6 decomposition theorem on irreducible
Gaussian probability spaces

Let (Q, F,P;{W(h) : h € H}) be a given fixed irreducible Gaussian probability space. Recall
that H, (n > 0) is the n-th Hermite polynomial over R'. We define H, £ R, and for each
n > 1 we define H,, to be the L?-closure of the subspace

Span{H, (W (h)) : h € H, ||h||lg = 1}. (4.1)
Note that Hy; = {W(h) : h € H}. For n > 2, the condition |||y =1 in (4.1) is needed.

Definition 4.1. The closed subspace H,, is called the n-th Wiener chaos over the given
Gaussian probability space. Elements in H,, are often called homogeneous Wiener polyno-
mials of degree n.

The main result of this section is the following decomposition theorem which generalises
the one dimensional case in Section 2.

Theorem 4.1 (The Wiener-1td chaos decomposition theorem). The space L*(Q2, F,P) admits
the following decomposition:

2(Q,F.P) = @Hm

where the Wiener chaoses H,, are orthogonal to each other: H,, L H, for any m # n.

Proof. The orthogonality of the H,,’s is a direct consequence of Lemma 2.3. To establish the
decomposition, it remains to show that:

Fel*QO,FP), FLH,Vn — F=0.

Let F' be such an element. Since F is generated by the family {W(h) : h € H}, to show
F' =0 it is enough to show that the signed measure

V(F) = E[Fl{(W(hl),~--,W(hr))EF}]v I'e B(RT)

is zero for any given r and hy,--- ,h, € H. To this end, note that the Fourier transform of
v is given by

Since W (h)™ € Span{1, H,(W (h)),--- , H,(W(h))} (cf. (2.2)), by the assumption on F we
conclude that 7 = 0, and thus v = 0. Since r and hq,--- , h, are arbitrary, it follows that
F=0. O
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Similar to the case of R!, it can be show that the sum of the first n Wiener chaoses
gives the space of “polynomial functionals” of degree n. To make this precise, let P? be
the linear subspace spanned by elements of the form p(W(hy),---,W(h,)), where r > 1,
hi,--- ,h, € H and p is a polynomial in r variables whose degree is at most n. Let P, be
the L2-closure of P? and also define C,, £ ©F_,Hj..

Proposition 4.1. For each n > 0 we have C,, = P,,.

Proof. 1t is clear that C, C P,, since
Hy(W(h)) € Span(1, W (h),--- ,W(h)*) CP° Vk<n.

For the other direction, according to Theorem 4.1, it is enough to show that P? is perpen-
dicular to all those H,,’s with m > n. More specifically, let p(W (hy),--- ,W(h,)) € P? and
h € H with ||h]|g = 1. We wish to see that

pW(hy), - W(hy)) L Hpn(W(h)) (4.2)

where m > n. To this end, let {h,eq,--- ,es} be the orthonormal system obtained from the
family {h, hq,--- , h.} by applying the Gram-Schmidt orthogonalisation procedure. By the
linearity of W, we can write

p(W(hl)v ) W(hr)) = Q(W<h)7 W(el)v R W(es))

where ¢ is a polynomial of degree at most n. Each monomial on the right hand side has the
form

W(h)*W(e)® -+ -Wi(es), a<mn.
Since {W(h), W (ey),--- ,W(es)} are independent and W (h)* L H,,(W(h)) (a < n < m),
we see that
E[W (h)* W (e)™ - - - W(es)*™ Hpn(W (h))]
= E[W(h)* Hn (W (h))] - E[W (e2)"] - - - E[W (e)*] = 0.
The property (4.2) thus follows. O

Our next task is to identify an ONB for each H,, (and thus for L*(Q, F,P)). Let us begin
by fixing an ONB {ey, e, -} of H which exists due to separability. We define A to be the
set of all sequences a = (ay,as,---) in which a; € N and there are at most finitely many
non-zero components. For each a = (ay,a9,---) € A, we set

o0 o0

|a| = Zai, al = Hai!,

i=1 i=1
and define .
Oy £ Val [ [ He, (W(ey)).
i=1

We also set

A2 {acA:l|al=n).
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Theorem 4.2. For each n > 1, {®, : a € A,} is an ONB of H,. As a consequence,
{®,:a€ A} is an ONB of L*(Q, F,P).

To prove the theorem, we need the following technical lemma.

Lemma 4.1. Suppose that h', — h' in H asn — oo (1 <i < r). Let p be a polynomial in
r variables. Then for any a > 1, we have

p(W(h}z)a T 7W(h;)> — p(W(h’l)7 e 7W(h’r)) mn LO‘(Q’ f? P)
as n — oo.
Proof. We can express

p(W(hy), - W (hy,)) = p(W(h'), -, W(h"))

=2 (/01 O, p((1 = ) + 1€)dt) - W (R, — ),
where

Sn = (W(h}z)7 to aW(h:L»? é = (W(hl)a T 7W(hr>>
Since {h!, : n > 1} are bounded in H, it is not hard to see that

1
I [ (= 4 16)a] e < C V> T and 1< <
0

where C'is a constant depending on the polynomial p and sup,, ; || ||z. By using Holder’s
inequality, we have

Hp<W(h3L)7 T 7W(h2)) - p(W(hl), T 7W(hr))”L°‘
<N [ (1 = 06+ )] - (WO, = 1)

<C' sup [W(H, = b)|gae < C" sup ||, — hill,

1<j<r 1<j<r
which converges to zero as n — oo by the assumption. O]
Proof of Theorem 4.2. According to Lemma 2.3, we have

1, ifa=h,

E[(I)aq)b] = \/mHE[HM(W(Q))HM(W(%))] = {0 if ab.

This shows that the system {®, : a € A} is orthonormal. In addition, if we define £,, to be

the L2-closure of Span{®, : a € A,}, then £,, L £, whenever m # n. It remains to show
that £,, = H,.
For this purpose, we first show that

Po=L" 2L (Lo 2R)
k=0
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The fact that £ C P, is obvious. For the other direction, let p(W (hy),--- ,W(h,)) € PP.
For each 1 < j < r, we can find

hl — b’ in H
where R is a linear combination of the basis elements ey, 5, - - - . According to Lemma 4.1,
we know that

p(W(hy), - W(hy)) = p(W(RY), -+ . W(R")) in L*(Q, F,P).
On other other hand, since ,
h! € Span{ey,eq,-- -},
we see that p(W(hl),--- ,W(h")) is a linear combination of monomials of the form
Wei,)™ - Wei,)™
where a; 4 - -+ + a5 < n. Since
W (e;, )" € Span{1, Hy(W(ei,)), -, Ho,(W(ei))},

we see that W (e;, )™ -+ W(e;, )% € L™. Consequently, P, C L™,
Combining with Proposition 4.1, we have shown that £™ = P, = C,. To prove L, = H,,
let X € £,,. Since X € C,, we can write

X=Y+27Z YelC,1,ZcH,
By taking inner product with Y, we have

<X, Y)Lz = <Y, Y>L2 + <Z, Y>L2 = <Y, Y>L2.

On the other hand, since Y € C,_; = L™V and X € L,, we know that (X,Y);> = 0. It
follows that (Y,Y);2 =0 (i.e. Y =0) and thus X = Z € #H,,. This shows £,, C H,.. The
other direction is obtained in a similar way. Therefore, we conclude that £, = H,, which
also completes the proof.

]

Example 4.1. Consider ) = R? equipped with the standard d-dimensional Gaussian mea-
sure P on the Borel o-algebra F = B(R?). In this case, we have H = R? and the isonormal
Gaussian family is defined by

W(h):R* = R, W(h)(z) = (h,2)pa
for each h € H. Let {eq, -+ ,eq} be the canonical ONB of H. The family
1

{1/(11! ..... ay!
is an ONB of H,,.

Ho (W(er)) - Hoy(W(ea)) a1+ +ag=n}

Remark 4.1. The spectral interpretation of the Wiener-It6 decomposition is still valid in the
infinite dimensional case. If we consider the Wiener space (W, B(W), i), the decomposition
(3.1) is precisely the spectral decomposition for the generator £ of a W-valued Markov
process (the Ornstein-Uhlenbeck process) whose invariant measure is u. For each n > 0, the
space H,, is the eigenspace of L associated with the eigenvalue —n. We refer the reader to
[5] for a deeper discussion along this line.
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5 Multiple Wiener integrals and their connection with
Wiener chaoses

In the case of the Wiener space, the n-th Wiener chaos has an elegant connection with
multiple Wiener integrals. Recall that the Cameron-Martin subspace H is isometrically
isomorphic to L?([0, 1], dt) and hence can be identified with the latter. This L?-nature of H
is the key structure that supports the connection with multiple Wiener integrals.

To filter out other irrelevant structures, we consider a general irreducible Gaussian prob-
ability space (Q, F,P;{W(h) : h € H}) where the Hilbert space H is given by an L2-space.
We need the following definition to make precise our assumption on H.

Definition 5.1. Let (T, B, ) be a measure space. A subset B € F is called an atom of u
if u(B) > 0 and
AeB, ACB = pu(A)=0or u(A) = u(B).

A measure space (T, B, i) is said to be atomless if there are no atoms of p.

From now on, unless otherwise stated we always assume that H = L*(T, B, u), where
(T, B, 1) is a o-finite atomless measure space and H is separable. The atomless assumption
plays a critical role in this part (cf. Section 5.1.4 below). In the case of the Wiener space,
we have T' = [0,1], B = B([0,1]) and p = dt. The situation of o-finite measures is relevant
when we consider 7' = [0, 00). It can be shown that the Lebesgue measure is atomless.

5.1 Construction of multiple Wiener integrals

We first construct the multiple Wiener integrals. More specifically, for each n > 1 we wish
to define

flta, - tn)dWey - - - dWy, (5.1)
Tn

where f € L*(T", B", u") and (T",B", u") is the n-th product space of (T, B, u). The un-
derlying idea of the construction is similar to the case of the Wiener integral: we first write
down a natural definition of (5.1) for a class of “elementary” functions f, and then rely on a
suitable isometry property to pass to the limit. Here a crucial effort is to identify what this
class of “elementary” functions should be.

We begin with some basic definitions. A function f(t1,--- ,t,) is said to be symmetric if
f(ta(l)a"' 7t0(n)):f(t17"' 7tn> VO’GS»,“
where S,, denotes the set of permutations of order n. Given an arbitrary function f(t1,--- ,t,),
its symmetrisation is defined by
~ 1
A
f(tla"' 7tn> :m Z f(ta(l)u"' 7ta(n)>- (52)
O’ESn

It is clear that f is symmetric, and a function f is symmetric if and only if f = f. We
use L%(T", B™, u") to denote the subspace of symmetric functions in L?(T™, B", u™). Math-
ematically, L%(T™, B", u") is the image of the symmetrisation operator defined by (5.2) on
LA(T™, B™, u").
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Next, we set
By = {AeB:u(A) < oo}
For each A € By, we write W(A) = W(1,) (note that 1, € H). It is obvious that W (A) ~

N(0, u(A)). Given n > 1, we define &, to be the class of functions f € L*(T", B", u™) having
the form

f(tb - ,tn) = Z a‘ily“';in]‘AilX“'XAin? (53)

iy in=1
where {A;,---, A} is any given collection of disjoint subsets in By, and the coefficient
@iy . i, = 0 if there are repeated indices in (i1,--- ,4,). For each f € &, given by the form

(5.3), we define its multiple Wiener integral to be
L(HE D s WA, - W(A;). (5.4)
iy yin=1

The following result summarises the construction of the multiple Wiener integral and its
essential properties.

Theorem 5.1 (Multiple Wiener integrals). For each n > 1, the mapping I, : &, —
L3(Q2, F,P) is well defined and extends to a unique bounded linear operator

I, : L*(T",B", u) — L*(Q, F,P).

In addition, the following properties hold true:
(i) For any f € L*(T",B™, u™), we have

L(f) = I(f),

where f is the symmetrisation of f defined by (5.2).
(ii) For any f € L*(T?,B?, u?) and g € L*(T9,B?, u%), we have

ElL(f)1,(g)] = {W iz P=0 (5.5)

0, otherwise.
In particular, if we introduce an inner product on L%(T", B™, u™) by
(f,9)2 £ nlf.9)r2,  frg € LE(T",B", "),
then under this inner product I,, is an isometric embedding from L%(T™, B™, u™) into L*(Q, F,P).
Remark 5.1. Symbolically we also use

f(ts - ) dWy, - - dW,
TTL

to denote the multiple Wiener integral I,,(f). Note that I; is just the mapping W defined
by (3.8) (the Wiener integral in the case of the Wiener space).
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The essential point in the proof of this theorem is to establish the isometry property (5.5)
for I,, on the space &,. It is then a consequence of the denseness of &, that I,, admits a unique
extension to L*(T™, B", u™) that preserves the same property. The rest of this subsection is
devoted to the proof of Theorem 5.1. Some of the steps are quite technical and less inspiring.
Nonetheless, it is important to see how the off-diagonal assumption in the definition &, (i.e.
i, ... i, = 01if (i1, -+ ,4,) has repeated indices) plays a basic role when deriving the isometry
property (5.5), while the subspace &, is still rich enough to generate L*(T™,B", u™). The
proof of the theorem can be skipped if the reader is convinced by these points.

We break down the proof in the several major steps.

5.1.1 Step one: the mapping I, : &, — L*(Q, F,P) is well defined

Lemma 5.1. The definition of I,,(f) given by (5.4) does not depend on the particular rep-
resentation of f. In particular, I, : €, — L*(Q0, F,P) is a well defined linear operator.

Proof. Suppose that f admits two representations:

k l
F= > neidagcxa, = O b gile, s, (5.6)
i17'“7in:1 j17"‘7jn:1

where {A;,---, Ay} and {By,- -, B;} are both disjoint families in By. We may assume
without loss of generality that none of the A;’s are equal to (), and each A; does appear on
some term in the first summation with a;, .. ;, # 0. The assumption applies to the B;’s.
Under this assumption, we claim that

Ule AZ == Uéle] (57)
Indeed, given 1 < i < k, suppose that A; appears within a term

@iy e Gy in 1Ai1 XX Ap XX Agy Qg oee iy in 7é 0.

Note that the indicator sets appearing in the representation of f are disjoint. As a result, if
we pick an arbitrary

t=(t1, -, t, - ,ty) € Ay X oo XAy X - XAy,

then f(t) # 0. Using the second representation in (5.6), this implies that t € B;, x ---x B;,
for some (j1,---,Jn). In particular, t € B; for some j, and thus A; C Uélej. The other
direction is similar.

As a consequence of (5.7), we can now write

k l
f = E § a/ily"'7in10i1j1><'“><0injn

i1, 5in =11, jn=1

k l
= Z Z bjlv"'ajn]'ciljl X"'Xc'injn7 (58)

i1, 5in =11, jn=1
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where C; j, = A;, N B;.. In particular, whenever (iy,--- ,i,) and (ji,--- ,j,) are such that
Cijrs -+, Ci,j, are all non-empty, we must have

Wiy yeoe sin = bjh"-,jn

For those indices where one of C; ;, = 0 we can simply drop this term in the expansion of
(5.8). As a result, we have

k
> i, WAL W(A,) = Z Z (Cirgy) - W(Cij,)
i1, in=1 i1 zn—1]1 ]n—l

= Z Z b inW(Cirjy) -+ W(Cij)

11, Zn—ljl < Jn=1

= Z b]l ) o W(Bjn)7

=, Jn=1

which shows that I,,(f) is well defined. It is routine to check that &, is a vector space, and
the linearity of [, is also obvious. O]

5.1.2 Step two: I,(f) = L,(f)
Lemma 5.2. For any f € &,, we have I,(f) = L,(f) where f is the symmetrisation of f.

Proof. It is enough to verity the assertion for

f - 1A1><~~-><Ana

where Aq,--- , A, € By are disjoint. In this case, we have
-1 X
Y] E: Ae) XX Ag(n)
€S

which is also an element of &,. By the definition of I,,, we have

L) = 37 W(Agq) - W (Agg) = W(AY -+ W(AL) = L ().

’ G’ES’n

5.1.3 Step three: the isometry property of [,
This part relies on the off-diagonal assumption in the definition of &, in a crucial way.

Lemma 5.3. For any f € &, and g € &,, we have

otherwise.

B[ (1)1, (9)] = {g‘<f Ihp
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Proof. We may assume without loss of generality that f, g are associated with the same
disjoint family {4, -, A, }.
Let us first consider p # ¢. By linearity, it suffices to look at the case when

f= 1Ai1><-~~><A1-p7 g= 1Aj1><~--><qu-
In this case, we have
L(f)=W(Aiy) - W(A,), I,(g) = W(A;,) - W(A;,).

Since the indices in (i, - ,i,) are all distinct (the same for (jy,--- ,j,)) and p # ¢, we see
that
E[L,()1,(9)] = 0.

Now consider the case when p = ¢, and let

m m
f = § ai1,~'~,ip1Ai1><~“><Aip’ g = § b’i1,~~~,ip1Ai1><~~><Aip'
i1, ip=1 11, yip=1

By definition, we have

L) = Y. ain.i,W(A,)---W(A,;)

11, ,ip=1

- Z ( Z Giay o) W (Air) - W(Ay)

1<i1 < <ip<m  0€Sy

- Z dil,“',ipW(Ail) e W(Alp)’

1<ii < <ip<m

~ A E
ail7"'7ip - al(r(l):"'yzd(p)'

o€Sp

where

Similar equation holds for I,(g). It follows that

E[L,(f)1p(9)]
=E[( X @, WA WA D b, WA - W(A,)]

= > iy ibi i, BIW (ALY EIW(A;)7]

P
1<iq < <ip<m

= D e iybie (A - (A

1<iy < <ip<m

On the other hand, we have

“ 1
f: E ail’m’ip(p g 1A10(1)><---><Ai0(p))-
i1, ip=1

" 0ESy
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Note the the expression inside the above bracket is independent of the ordering of 7y, - ,4,.
Therefore, we can further write
. . 1
1<i1 < <ip<m oES)
Similar equation holds for g. It follows that
< . ~ 1
(fodiz= D ieibisoiy I > (AL (A
1< < <ip<m 0ESy
1 5 ~
== D b (A (A
T < <ip<m
= E[L,(f)1,(9)]-
This gives the desired isometry property. O]

Observe that, for any f € &, we have

- 1
||f(t17' o 7tn)||L2 < m Z ||f<t0(1)7’ e ’ta(n))HL2 = ||f||L2

gESy

As an immediate consequence of Lemma 5.3, we see that the linear operator I, : &, —
L*(Q, F,P) is continuous:

1L (F)llr2.rm) = VL | fllzzern gnpm < Vol || fllzen g um).

5.1.4 Step four: &, is dense in L*(T™, B", u")

In order to expect a unique extension of I,, to the space L*(T™, B", u™), the last missing piece
is the fact that &, is dense in L?(T™, B™, u™). The non-diagonal assumption in &, creates
extra technical challenge to establish this fact. We develop the proof via the following route
of approximations:

En ~ 1a,x..xa, (each A; € By) ~ 14 (u"(A) < o) ~ f € L*(T", B", u").
Recall that By is the collections of measurable sets in B with finite p-measure.

Lemma 5.4. The subspace Span{l, : A € By} is dense in L*(T, B, ).

Proof. Since p is o-finite, we can find a sequence T, € By (n > 1) such that T,, T T. Let
f € L*(T, B, ). By monotone convergence, we have

flyg<mynn, — f in L?

as M,n — oo. As a result, given £ > 0, there exists M and n such that

1/, = fllee <,
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where fM £ f 14ir1<ary- Next, since f™ is uniformly bounded, from measure theory we can
find a simple function ¢ (i.e. linear combination of indicator functions) such that

M €
- oo < .

Therefore, we have

/ o = Mg, dp < % or |lple, — Mg |2 <e.
T

The result then follows as
SOlTn € Span{lA A€ Bo}

As a direct corollary, for each n > 1, the subspace
Span{lg : E € B", ;" (F) < oo}
is dense in L*(T™, B™, ™). The next point of approximation is contained in the lemma below.

Lemma 5.5. Let E € B" be such that u"(E) < co. Then 1g can be approzimated in the L*-
sense by linear combinations of indicator functions of the form 14,«...xa, where Ay,--- A, €

By.

Proof. Recall from the construction of product measures that
p(E) =inf { Y " p(Arm) - p(Anm) : B CUR G A X -+ X Ay }.
m=1
Since p"(E) < oo, given € > 0, we find a covering UX_; A ,, X -+ X A, , of E such that

1) (A X e X Apgn) — ()| < €%
m=1

In particular, U_ Ay, X -+ X A, has finite 4"-measure and
Loz Ay = L] 2 <&
When N is large enough, we have

HlugzlAl,mx...xAn,m - 1EHL2 <Ee. (5.9)

By intersecting with 7; (for large [) if necessary (where T; T T, u(T;) < o0), we may further
assume that
Aim€By Vi=1,---,n, mz2=1,

and (5.9) remains true. The result then follows by observing that

1U,1X:1A1,m><"'><14n,m € Span{lBlX...xBn . Bl, cee ,Bn € BO}
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As the final point of approximation, it remains to prove the following lemma . The
atomless asumption on p plays a critical role here (the key property is Proposition A.1 in
the appendix).

Lemma 5.6. Let Ay,--- , A, € By. Then 14,«..xa, can be approzimated by elements in &,
in the sense of L2.

Proof. We first identify a disjoint A family of subsets so that each A; is the union of some
members in A. To this end, let

E2{w=(w, ,w,)w; ==%1Viand at least one of w; = 1}.

For each w € =, we define
AY S A N A

where A;' £ A¢. Tt is clear that A £ {A¥ : w € Z} is a disjoint family of subsets in By, and
A = Uyez =1 AY (5.10)

for each 1 <7 < n.

Next, let € > 0 be given. According to Proposition A.1, for each w € = we can find a
partition of A“ in which every member has u-measure less than e. Since the A“’s are disjoint
for different w’s, this leads to an entire family {Bj,--- , B,,} of disjoint subsets such that
wu(B;) < € for all i and each A; is the union of some members from this family. As a result,
we can formally express

m
1A1><"‘><An - 5 wi17"',inlBi1X"'X3in (wz'l’...’in - 0 or ].)

11, yin=1
= E wil,"',inlBilx"'XBin + E wi17...7in13i1><...><3m, (511)
(ilf"vin)ez (ilv"'7in)€\7
where Z consists of those n-tuples (i1, - ,i,) in which there are no repeated indices, and

J £ 7¢. Note that the first summation on the right hand side is an element in &,.
Let us estimate the second summation in (5.11). Recall that J consists of those n-tuples

(41, ,i,) with repeated indices. The main observation is
n m m I
S ) nm) < (5) - (CuBR) - (Lum) 612
(i1, ,in)€T i=1 i=1

for the obvious combinatorial reason that each term on the left and side appears at least
once in the full expansion of the right hand side, while the latter involves repeated counting.
The right hand side of (5.12) can further be bounded above by

n “ n— n m n— n n n—
- (2> (DouB)" = (2) (U, B = (2) (U A)"
i=1
The last identity follows from the fact that

m _ | n
i:lBi - i:lAiv
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which is clear from the construction of the B;’s. As a result,
n n n—1
(i1, ,in)ET

Since n and the A;’s are given fixed and ¢ is arbitrary, from (5.11) we conclude that 14, ...,
can be approximated by elements in £, in the sense of L2 n

To summarise all the previous steps, we have now shown that &, is dense in L?(T™, B", u™)
and I,, : &, — L*(Q,F,P) is a bounded linear operator. Therefore, it admits a unique
bounded linear extension to L*(T™, B", u") satisfying the same isometry property (5.3). In
particular, if we define a new inner product on L%(T™, B", u™) by

() '>L§(Tn,3n,un) = n!(-, '>L2(T",B",p"), (5.13)
then the restriction of I,, on to L%(T™, B", u™) is an isometric embedding into L?(£2, F,P).

Example 5.1. Consider the Wiener space over [0, 1] in which we have H = L?([0, 1], dt).
Given a function f € L?([0,1]", (dt)"), we define the iterated Ité integral of f by

nn= | Pt )W, W,
0<t1<--<tn<l

/ /tn / / flt, o tn)dWe ) dW,,) - - - dWs, ) dW,, (5.14)

where the each of above integrals is understood in the sense of It6. We claim that for any
symmetric f € L%([0,1]", (dt)"),
L(f) = nlJu(f)- (5.15)

To sketch the proof of this fact, we first consider the case when f is the symmetrisation of
List st x[sty,57]
where si < sj,, for each i. In this case,
Lu(f) = W([st, s{]) - Wlsh s2]) = (Wi = Wiy ) -+ (Wag = Wiy).
On the other hand, since
f= 1 Z 1w -
nl = (86 1) S () XX 15 () S ()2

Due to the special ordering in (5.14), after applying .J,, the only surviving term is the one
corresponding to o = id. As a result, we have

1 1
Talf) = 3 Tn (s spixexisg o) = E<WS% — W) (Wy = Wy) = —In(f).

For the general case, one needs to show (in a similar spirit to Section 5.1.4) that the linear
subspace generated by those f’s of the above form is dense in L%([0, 1]™, (dt)"), and the
iterated Ito integral J, also possesses a similar isometry property. This allows us to pass to
the limit to obtain (5.15). We let the reader to think about the technical details.
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5.2 The connection between multiple wiener integrals and Wiener
chaoses

Finally, we establish the important result that I,, defines an isometric isomorphism between
LA(T", B™, u™) (equipped with the inner product (5.13)) and the n-th Wiener chaos #,. The
core of its proof relies on a product formula for multiple Wiener integrals which we discuss
in what follows. This product formula is also of independent interest.

5.2.1 The product structure for multiple Wiener integrals

We show that the product I,(f) - 1,(g) of two multiple Wiener integrals can be expressed as
a linear combination of multiple Wiener integrals of degrees up to p + q.

To this end, we first introduce a few notation. We again work in the setting of Section
5.1. In particular, H = L*(T, B, ) where u is a o-finite atomless measure. For simplicity,
we denote L?(T", B™, u™) (respectively, L%(T", B™, u™)) by L*(T") (respectively, L%(T™)).

Definition 5.2. Let f € L*(T?) and g € L*(T?). The tensor product of f and g is a function
of p + ¢ variables defined by

f®g(t1> Jt;mtp—i-lf" 7tp+q) £ f(tlu 7tp) 'g(tp—‘rl?'” Jtp+q)'

For 1 < r < pAq 2 min{p, ¢}, the r-th contraction of f and g is a function of p + ¢ — 2r
variables defined by

f ®r g(tb e atp—’m tp-i-la T >tp+q—r)
= f(th e 7tp—7“7 S)g(tp—‘rl? o 7tp+q—7’7 S)MT(dS)'
TT
For convenience we also set f®qg = f®g. We use f®g and f®,g to denote their symmetri-
sations respectively.

We leave it as an exercise to show that

If @ gllre@weray = || fll2crey - 19| 270y

and
If ®r gllz2(rrra—2ry < || fllz2ere) - 1191 L2(79)-

In particular, both of f ® g and f ®, g are square integrable.
The following result is an important step towards the general product formula.

Proposition 5.1. Let f € L%(T?) and g € L*(T). Then

I(f) - Ii(g) = Ly (f @ g) + plp1(f @1 9). (5.16)

Proof. By linearity, we may assume that f = iclx.-.xcp and g = 1p where C,--- ,C, € By
are disjoint and D € By. By writing

Ci=(DNC)u(D°NC),
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D=U_(DNC)U(DN(CLU---UC,)),
and using linearity again, we may further assume without loss of generality that
f=1axxa,, g=14, or 14,
where Ay, Ay, -+, A, € By are disjoint.

Case 1: g =1y4,.

We have
I,(f) - Ii(g) = W(Ag)W (Ay) - - - W(A,).

On the other hand, we also have
Lpni(f ® 9) = L1 (f@9) = Lpt1 (Lagxarxexa,) = W(Ag)W (A1) - W(A,),
and
Forgltne ) = [ b by, s)glsulds) =0
since Ay is disjoint from {A;,---, A,}. The equation (5.16) thus follows.
Case 2: g=14,.

Given € > 0, let By,---, By, be a partition of A; such that u(B;) < ¢ for each i (cf.
Proposition A.1). Then we can write

m

L(f)Ti(g) = W(A)* W (As) -+ W(A,) = (Y W(B) W (A) - W(A,)

=Y " W(B)W(B)W(A) - W(A) + > (W(Bi)? — (B:))W(Ay) - - - W(A,)
i#j i=1

(AW (Ag) - W(A4,).

We now analyse the three terms on the right hand side separately.
The first term is a multiple Wiener integral given by I, (h.) where

A
ha: § ]-Bi><Bj><A2><~~><Ap-
i#]j

We claim that h. — f&g in L2(T?™) as ¢ — 0. Indeed, this follows from
= ~ 12
Hh€ - f®gHL2(TP+1)
R 2 2
= ||h6 - 1A1><A1><A2X--~><Ap||L2(Tp+1) < Hh&‘ - 1A1><A1><A2><-~~><ApHLQ(TP+1)
= u(Bi)*u(Az) - - p(Ay) < epu(Ar) - p(A).
i=1
By the continuity of 1,1, we have
[p+1(h£) = ]p+1(ila) - [p+1(f®g) = p+1(f ®9) in LQ(Qa}-7 P)
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as € — 0.
We claim that the second term

m

B2 3 (W(B) — p(B))W(Ay) - W(A,)

i=1
converges to 0 in L? as € — 0. This follows from

m

ERZ = (D_E[(W(B)* — u(B:)])ulAz) - ()
= 2( i (B:i)?) p(Az) - (Ap) < 2ep0(Ar) -+ - p(Ap).

Finally, we claim that the last term p(A;)W (Az)--- W(A,) equals pI,_1(f ®; g). To this
end, we introduce the following notation for convenience. We put a line on a set of variables
in a function to denote the corresponding permuted sum. For instance

f(tlat27"' 7tpatp+17"' atq) S Z f(tO'p"' 7t0'p7tp+17"' 7tq)' (517)

0ES)

Using this notation, we have

f®1 g(tla"' ’tp—l) = / iA1><~~~><Ap(t1>"' ’tp—173)1A1(5):u(d5)
T

1 -
= ] 1A1><---><Ap(t17 te 7tp717 S)]‘Al (S>M<d8)
b Jr
1 -
— _| 1A1><-~><Ap(5,t17"' atp—1)1A1(8>M(ds)
p-Jr
A 1 .
_ M(pl) . . 1)!1A2><---><Ap(t17 .. 7tp71)
Aq) -
- M( 1)]-Ag><~~-><Ap(tla'" 7tp—1>‘
p
It follows that (A)
L (f ®1g) = 552 W (A) - W (A,)

which gives the desired claim.
Putting the three terms together, we have

L(f)1i(9) = Ips1(he) + Re + L1 (f @1 9),
and the equation (5.16) follows by letting ¢ — 0. O

The extension of Proposition 5.1 to the general case relies on the following rather technical
lemma. Its proof is not inspiring and the reader is encouraged to take the lemma as granted.
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Lemma 5.7. Givenp > q > r, let f € L%4(T?) and g L 1Qgs, where g; & iAlx-nqu,l,

g = 14, and the sets Ay,--- , Ay € By are disjoint. Then we have
. rp+q—2r+1),,- q—r, .~ .
f®rg = f®r_191) ®1 g2 + ——([®,91) ®ga. (5.18)
qlp—r+1) ( ) q ( )

Proof. Recall that

f @ g(tl’ by tpy1, 7tp+q—r)

f(tl,' ot 8)g(tpr1,  tprgr, 8) 1" (ds).
We express
9(tps1s s tprgr8) = iA1X xAq (tp+17 o tprgr,S)
= ' Z 1A1>< X Aq p+17 ce 7tp+q—ras>>
UGSq

= Z Z 1A1>< ‘X Aq (tp+17 e 7tp+qfh S))a (5'19>

UES’ UES”

where o (- - - ) means permuting the variables inside the bracket by o. In the above summation,
S, consists of those permutations o under which the last position of

o(tps1,*  tprg—r,S) (5.20)

is not an s-variable, and S; consists of those permutations under which the last position of
(5.20) is an s-variable. Using the decomposition (5.19), we can formally write f ®, g into
two parts:

f@r,g=1+J.

Let us first look at I. We use the notation introduced in (5.17) and also use (- ,¢,---)
to denote the tuple obtained by removing the variable t. From the definition of I we have

1 I8
I'= ql Z fl -ty )1A1X'“XA4 (0(tps1, s tprgr,s))u"(ds)
. Tr

oES]

1 —— .
=020 | St S aca (s s tprars 8)92(tpes) (d9)
Cj=1 YT
1 < N R
= EZ ( . f(th'" 7tp—7“7S)1A1><'"><Aq71(tp+17'" atp+j7"'tp+q—r7 ) (ds)) ( p+])
j=1 "

= 52f®r gilte, st tprn, o pagy o tprgr) - G2(tprg)-

After symmetrisation, we obtain

q_

~ r - ~
I= (f®rgl)®92<tla e 7tp—r7 tp-l—la o 'tp+q—r)- (5.21)
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Next, we look at the term J. By definition,

1
J== Z / f(tlv e >tp*?“?S)1A1X"'XAq(a(tp+1v s tprgor S)):ur(ds)

Coesy T

1 < ]
= a Z . f(tla e 7tp—r7 S)1A1><~--><Aq,1(tp+1, ce 7tp+q—r7 S\{Sj})Qg(Sj),LL (dS)
4 r

=—Z/ T s s\ s )

(tpats+  tprg—r, S\{5; )" "1 (d(8\{5;}))) g2(s;)(ds;) ~ (by the symmetry of f)

/ f Qr_1 gl S tla e 7tpfratp+1, e atp+qfr)92(3),u(ds)‘

To compare this with (f®,_191) ®; g2, We compute:

(f®r—1gl) X1 92(1517 Tt 7tp—7"a tp+17 T 7tp+q—7")

1
= (p—i—q—27“—|— 1)' /Tf®r1 gl(tla"' 7tpfr>57tp+17"' 7tp+qfr)g2(5)ﬂ<d3)-

The crucial observation is that, if the s-variable is shuffled to any of the last ¢ — r positions
the integrand is zero, due to the definitions of g; and g. In addition, the location of s at any
of the first p—r + 1 positions results in the same value for the integral, due to the symmetry
of f. As a result, we have

(f®7’ 191) &1 g2 tl) . p T tp-l—la e tp-i—q 7")
portl /f® oyl Tpra—r)g2(s)u(ds)
r— Syl bp—ry P —r S &)
<p + q a1 1 gl 1 P p+1 p+q—r)92(S)
—r+1 q
- 5.22
T —|— g—2r+1) r (5.22)
The desired equation (5.18) follows from (5.21) and (5.22). O

We are now able to establish the general product formula for multiple Wiener integrals.
Theorem 5.2. Let f € L%(T?) and g € L%(T?). Then
= ,(P\ (4
L(f)14(9) = Z rl (7") (T) Ipiq2r(f ®r 9).

r=0

Proof. We use induction on ¢ and always assume that p > ¢. The case when ¢ = 1 is contained
in Proposition 5.1. Suppose that the claim is true for ¢ — 1 and now let g € L%(T9). By
linearity, we may assume that

9=01002, §1 = Laxexa,is 92 2 12,
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where Ay, ---, A, € By are disjoint. In particular, g; ®; go = 0 and by Proposition 5.1 we
have

I(9) = 1;-1(g1) - Ii(g2) + (p — V) p2(g1 @1 92) = I-1(g1) - 1 (g2)-
It follows that

(f Ig-1(91)11(g2)

) prg—1—2r(f@,g1)11(g2) (induction hypothesis)

o
) Yo

+(p+q—1=2r) g2 2((f®rq1) ®1 g2) (Proposition 5.1)

_ q_: ,! (p> 1= ) pra—2r(f@r91)Rg2)

r

I
3

r=

T zq:(r - 1) (r f 1) (z B D (p+q—2r + 1) prgor (f@r-191) @1 g2)

r=1

= i . <p> <z> Lyig 2 (f®.g). ( Lemma 5.7)
0

r
r=

This concludes the induction step. O

5.2.2 The isometry between L%(T",B", ") and H,

Using the product formula for multiple Wiener integrals (in fact we only need Proposition
5.1), we can now establish the following isometry property. Recall that the space L%(T™) is
equipped with the inner product (5.13).

Theorem 5.3. For each n > 1, the multiple Wiener integral operator I, is an isometric
isomorphism between L%(T™, B™, u™) and H.,.

Proof. The key observation is that
WHLOV0) = [ be) B0, -, (5.23)

for any h € H = L*(T) with ||h]|g = 1. The case when n = 1 is obvious. For the inductive
step, suppose that (5.23) is true up to degree n. We write

RE™(ty, -+ ) = h(ty) - h(t,).

According to the recursive relation (2.9) for Hermite polynomials and Proposition 5.1, we
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have

(n + 1) Hp 1o (W(h)) = W(h)Hy(W (h)) = Hny(W(h))

1 . 1 .
= R = G (HE0)

! n n 1 .
= m([nﬂ(h@( ) 4 nl, (b @1 h)) — m[nq(h@( Dy,

Note that h®" @, h = h®™~ 1 since ||h||z = 1. Therefore, we arrive at

(1 4+ V) Hy s (W) = — Loy (B0,

n!
which completes the inductive step.

By using a density argument (based on the definition of H,, and the isometry property
(5.5) of I,,), the relation (5.23) already implies that every element in 7, is the multiple
Wiener integral of some function f € L%(T™). It remains show that the image of I, is
contained in #,. Due to Theorem 4.1, it is enough to see that I,(f) L H,, whenever
f € LA(T™) and m # n. But this follows from the fact that

L) L~ La(h®™) = Ha(W(R)), Vh € H with il = 1 and Vm # n.
m!

O

Example 5.2. In the Brownian motion case, we have T" = [0,1] and pu = dt. By taking
h =1 ¢€ L*([0,1],dt) in the formula (5.23), we find

’I’L'Hn(Wl) = / thl e thn

[0’1]’”

1 tn to
:n!/ (/ (/ dml)...dmn_l)dwtn‘
0 0 0

Appendix A Atomless measures

We collect a few basic facts about atomless measures that are used when proving the dense-
ness of &, as well as the product formula (5.16).

Let (T, B, i) be an atomless measure space (cf. Definition 5.1). Note that for each B € B,
the restriction of © on BNB is also atomless. For this reason and the fact that we always work
with sets of finite y-measure, we may restrict ourselves to finite atomless measure spaces.
An essential property of the atomless property is that p takes values continuously. This is
the content of the following result.

Theorem A.1. Suppose that ¢ = pu(T) < co. Then for any t € [0,c|, there exists A € B
such that pu(A) = t.
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Proof. The main idea is to use Zorn’s lemma. Define
I'£{S:D—B|DC[0,d,S increasing, u(S(t)) =t Vt € D}.
Here “S increasing” means
t1 <tyin D = S(t;) C S(ta).
We define a partial order on I" by
S<S < DCD SNp=S5S.

It can be checked that every chain in A has an upper bound. According to Zorn’s lemma, I"
has a maximal element which is denoted as S,, : D,, — B.

We now show that D, = [0, ¢|. To see this, first note that ¢ € D,,, for otherwise we may
add the point ¢ into D,, and assign S,,,(c) £ T, contradicting the maximality of S,,. Suppose
on the contrary that s ¢ D,,, for some s < c. Let

u* = sup{u:u € D, u<s}, v" £inf{v:v e D, v> s}

We claim that u* = v*. Indeed, pick two sequences uy, vy € D,, such that u; 7 u* and v | v*.
Set
Ay =S Sm(uk), By =S Sm(vk), AL Up Ay, B =S Ny By

It follows that
p(A) = lim p(Ag) = lim u, = u*
k—o00 k—o00

and similarly p(B) = v*. If v* < v*, then p(B\A) = v* —u* > 0. By the definition of
the atomless property, there exists C' € B such that A C C C B and u* < p(C) < v*.
We set s* £ p(C), add the point s* into D,,, and assign S,,(s*) = C. This contradicts the
maximality of S,,,. As a result, we have u* = v* = s. Now by adding s into D,, and assigning
Spn(s) = UpAg, we have u(S,,(s)) = s and again a contradiction with the maximality of .S,,.
Consequently, D,, = [0, ¢| and the assertion of the theorem follows from this. m

As an important consequence of Theorem A.1, we have the following property which is
used in the main text.

Proposition A.1. Let (T,B, 1) be a finite atomless measure space. Then for any e > 0,
there exists a partition T = U™, B;, such that u(B;) < € for each i.

Proof. Fix a number 0 < ¢ < e. We first find By € B such that u(B;) = ¢. The existence
of By is guaranteed by Theorem A.1. Then we consider | p, and find B, € B such that
1(By) = c. We continue this procedure inductively, which stops after finitely many steps
(say m) since pu(7T) < oo and ¢ > 0. The family

Bl,---,Bn,(BlU---UBn)C

gives the desired partition. O
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